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ABSTRACT Cardiac tissue can be considered macroscopically as a bidomain, anisotropic conductor in which simple
depolarization wavefronts produce complex current distributions. Since such distributions may be difficult to measure
using electrical techniques, we have developed a mathematical model to determine the feasibility of magnetic
localization of these currents. By applying the finite element method to an idealized two-dimensional bisyncytium with
anisotropic conductivities, we have calculated the intracellular and extracellular potentials, the current distributions,
and the magnetic fields for a circular depolarization wavefront. The calculated magnetic field 1 mm from the tissue is
well within the sensitivity of a SQUID magnetometer. Our results show that complex bisyncytial current patterns can
be studied magnetically, and these studies should provide valuable insight regarding the electrical anisotropy of cardiac
tissue.
INTRODUCTION
In the mid- 1970's, a controversy arose in magnetocardi-
ography research regarding the value of the magnetocar-
diogram (MCG). In a very simple model of cardiac
activation, now termed the uniform double-layer model,
the electrically active region can be approximated by a
cup-shaped wavefront that propagates outward at up to
lm/s (1). It can be shown that both the electric and
magnetic fields produced by such a source are determined
by the rim of the cup, and thus one can argue that the two
signals contain the same information but with differing
spatial sensitivities. The uniform double-layer is an exam-
ple of a source in which physiological constraints cause the
electric and magnetic fields to be directly related and was
used to explain why the MCG could contain no new
information as compared with the electrocardiogram
(ECG) (2). Moreover, it has been suggested that both the
electric and magnetic field produced by active tissue share
a common source at the level of a single cell (3). Such a
suggestion, which remains to be proven, means that mea-
surements of the external electric field completely deter-
mine the external magnetic field. However, by the late
1970's, it was becoming apparent that the uniform double-
layer model was inadequate to explain the complexities in
the cardiac depolarization wavefront that were revealed by
careful measurements within millimeters of the wavefront
(4-7). Therefore, in 1982, Wikswo and Barach devised a
hypothetical wavefront that would be electrically indistin-
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guishable from the conventional model but would have a
differing magnetic field (8). By relaxing the assumption
that the source currents are perpendicular to the cardiac
activation wavefront, more interesting tangential current
sources can be considered, such as might result from the
spiral geometry of cardiac muscle fibers within the heart
(9, 10). Since both of these sources have the same diver-
gence, they will produce identical electric fields. The
second source differs from the first only by a tangential,
divergence-free current source component parallel to the
wavefront surface. This component will cause the two
sources to have differing curls and thus differing magnetic
fields. Therefore only magnetic measurements could dis-
tinguish between such sources, if they indeed exist (8, 1 1).
The existence of such sources in the heart has yet to be
demonstrated with MCG measurements, although recent
studies present quantitative evidence for new independent
information in the MCG (12). Furthermore, a recent
theoretical analysis (13) indicates that electrically silent
magnetic fields may arise in some tissues, including car-
diac tissue, implying that the magnetic fields may contain
information that is absent in the electric potential. In this
paper, we extend the scope of the information content
discussion to include a two-dimensional bidomain model of
cardiac tissue that accounts for different intracellular and
extracellular anisotropies.
THEORY
Cardiac tissue is functionally a syncytium, and the analogy
to a "three-dimensional cable" has been used by Jack et al.
(14) to describe such a system in which current in an
infinitesimal region of myocardium might be flowing in the
interstitial space, the intracellular space, through the
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membrane that connects them, or in any combination of
the three. From a macroscopic perspective cardiac tissue
can be viewed as a bidomain, or bisyncytium, where the
intracellular and the extracellular media are treated as
separate continuous conducting domains superimposed in
space, yet separated by cell membrane everywhere (15,
16). Because of the cell geometry and the interconnections
at the ends of cardiac cells, the intracellular space exhibits
an anisotropic resistivity, with the low-resistance axis being
parallel to the cell axis. However the geometry of the
extracellular space differs from that of the intracellular
space, so that the extracellular space generally exhibits an
anisotropy different from that of the intracellular space.
Thus, the electrical conductivities of the two domains have
differing directional dependence (17, 18). Because of the
differing anisotropy in the two spaces, depolarization cur-
rents flowing in the intracellular space will follow a path
different from the extracellular return currents associated
with the depolarization wavefront (19, 20). Since the
bidomain model of cardiac tissue is continuous, rather than
discrete or cellular, the potentials as well as the conductivi-
ties are average values over a volume containing many
cardiac cells. In this approximation the equation of con-
tinuity of current for the bidomain model is written as
V * (Ji + Je) = °0 (1)
where Ji and Je are the intracellular and the extracellular
current densities, respectively. The transmembrane poten-
tial Vm is the difference between the intracellular ('kj) and
extracellular (¢) potentials
Vm = Oi - Oe- (2)
It has been shown (16, 19) that the intracellular and the
extracellular potentials are given by
V.* {(;+ )V}=V* (aeVVm) (3)
V7 a + aeVe V*(VV)(4)
where e and v are the conductivity tensors describing the
anisotropic extracellular and intracellular conductive
media. From Eqs. 3 and 4 it is apparent that the origin of
the extracellular and intracellular potentials is a volumet-
ric distribution of current proportional to the gradient of
the transmembrane potential. The use of the conductivity
tensors ¢' and U. in Eqs. 3 and 4 is required because of the
electrical anisotropy of cardiac tissue. If the conductivity
tensors are referred to the axes of a right-hand rectangular
coordinate system (x, y, z), then the conductivity tensors
are diagonal and contain the components o, ay, and az,, (we
do not consider off-diagonal terms in the conductivity
tensor, which may be associated with the spiral structure of
certain regions of myocardium [13]). If the current densi-
ties Ji and Je, the extracellular potential d/e, the intracellular
potential 4i, as well as the transmembrane potential Vm, are
also referred to the same axes, then Eqs. 3 and 4 can be
written for a two-dimensional bidomain as
(ix + ae%)a240i/OX2 + (ay + ff ),2(ki/aY2
acex2Vm/0x2 + aey Vm/Y2 (5)
(aix + )aex)a2 4p/,3X2 + (a,7y + ffa)02oC/O9y2
-aixd2 Vm/ax2
-_ya2 Vm/0y2. (6)
If the spatial variation of the transmembrane potential is
known, and if appropriate boundary conditions are speci-
fied, the forward problem is the determination of the
potential distributions, using Eqs. 5 and 6, given the
cardiac conductivity values. The forward problem, which
should give a unique solution, may be solved using numer-
ical techniques. By assuming the existence of a circularly
shaped isochrone action potential of radius Ru = 2.0 mm,
given by
Vm(x, y) = 52.0 tanh [5.4 (Ru- R)] - 38.0 mV, (7)
where R = (x2 + y2)1/2, Plonsey and Barr (19) examined
the resulting potential and current distributions in a two-
dimensional anisotropic tissue and found that a circular
depolarization wavefront will produce a current distribu-
tion resembling a clover-leaf, with intracellular currents
flowing primarily in one direction, and the extracellular
return currents that close the clover leaf flowing orthogo-
nally. Recognizing that these currents could be detected
directly, without penetrating the cardiac tissue, by a
magnetometer pick-up coil configured as a clover-leaf, we
have made finite element calculations of the current
distributions due to a circular wavefront in a two-
dimensional cardiac bidomain, and used these currents to
calculate the magnetic field.
METHODS
The calculation by Plonsey and Barr (19) used a complicated integral
approach that required various spatial transformations of the potentials
and the evaluation of integrals that are singular at the selected field
points. The use of the finite element method to solve Eqs. 5 and 6 does not
require such transformations and does not involve (at least in this model)
the evaluation of integrals that may be singular. The finite element
method was originated for the analysis of the stress in complex structures
and has been extended to many areas of mathematical physics and
recently to biophysics (21-24). Its major advantage over other numerical
techniques is its flexibility to deal with curved boundaries, as well as
complicated source terms and boundary conditions. The essence of the
finite element solution of Eq. 5 or Eq. 6 in the bidomain model of cardiac
tissue is the subdivision of the field region into an assemblage of discrete
"finite elements" and the approximation of the scalar potentials 4i or 0, in
each element in terms of a limited number of parameters. The division
procedure and approximation of the field variable, which is carried out
locally over each finite element, results in matrix equations that relate the
input variable at specified points, called the nodes, in the element to the
output variable at the same points. The important feature of the finite
element method is the ability to formulate solutions for individual
elements before putting them together to represent the entire problem.
The resulting elemental matrices are summed node by node, resulting in
global matrix equations having the same form as the equations for an
individual element. The resulting system of equations can be solved by an
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appropriate procedure to obtain the values of the potentials. After the
unknown nodal values of the potentials are found, it is possible to make
additional calculations to obtain other important parameters such as
isopotential contours, current densities, and lines of current flux.
We have solved Eqs. 5 and 6 separately with a finite element
calculation for a two-dimensional anisotropic bidomain model of cardiac
tissue of infinite extent, obtaining extracellular and intracellular poten-
tials. Boundary conditions were chosen such that k. = 0.0 and ki = -90
mV at infinity. Even though Plonsey and Barr used a square block of
tissue for their calculations, the circularly centered source term suggests
the use of a piece of tissue with a similar geometrical shape for a finite
element calculation (although it is not necessary). For our calculations we
have used a circular block of cardiac tissue. By reasons of symmetry it is
necessary to analyze only one quadrant of the space. Standard eight-node
quadrilateral and six-node triangular isoparametric finite elements (25,
26) were automatically generated in a circular region of radius 4 mm,
using a special grid generation subroutine. To account for the specified
boundary conditions at infinity, special "infinity" elements (27, 28) were
also automatically generated at the outer border of the circular region.
The model, shown in Fig. 1, has a total of 670 elements (40 being six-node
triangles, 590 eight-node quadrilaterals, and 40 infinity elements) and a
total of 2,073 nodal points. The conductivities, shown in Table I, were the
same as used by Plonsey and Barr (19). The "nominal" case corresponds
to typical values of myocardial conductivities. In the "reciprocal" case the
extracellular conductivity in the x and y directions equals the intracellular
conductivity in the y and x directions, respectively. We use Plonsey and
Barr's activation wavefront, given by Eq. 7, which extends approximately
from a radius of 1.5 to 2.5 mm.
ELECTRICAL POTENTIALS AND
CURRENTS
Fig. 2 is a plot of the radial dependence along the x and y
axes of the calculated intracellular and extracellular poten-
tials and the calculated transmembrane potential given by
Eq. 2. Superimposed on the calculated transmembrane
potential is the theoretical value given by Eq. 7. A compar-
ison of the theoretical and calculated values for a few
points along the y-axis for reciprocal anisotropy is shown in
Table II. Errors were, in general, <0.3% at any point.
Fig. 3 shows the calculated intracellular and extracellu-
Y(mm)
4f3;
TABLE I
CONDUCTIVITY VALUES*
Conductivity Isotropic Nominal Reciprocal
S/mm S/mm S/mm
Olix I X10-4 2 x 10-4 2 x 10-4
cfjy I X10-4 2 x 10-5 2 x 10-5
orex
I X10-4 8 x 10-4 2 x 10-5
ae,y
I X10-4 2 x 10-4 2 x 10-4
*Data from Plonsey and Barr (19).
lar isopotential contours (Sepulveda, N. G., and C. F.
Walker, manuscript submitted for publication) for isotrop-
ic, nominal, and reciprocal resistivities. In the isotropic
case, shown in Fig. 3, a and b, the isopotentials are aligned
with the wavefront, consistent with the uniform double-
layer model. The extracellular potentials in the nominal
case (Fig. 3 d) are small, covering a range of only few
millivolts in the outer region starting at the center of the
wavefront. The intracellular potentials (Fig. 3 c), which
would be much harder to measure, are larger. The pattern
a Nominal ..Reciprocal---
VM
14-
.14. 1m/2.* .. .3 X(mm)
.;5'''.. 1~~~~~~~~~~~~..................................... .
Potential ¢le .
mV
4fi - -I>
-90
b
teaNominal .........
14 VmReciprocal ---
...~~~~
Vm
- 3' 4Y(m
Potential +____ Jo
4
X(mm)
FIGURE I Finite element grid for a quadrant of a bidomain model of
cardiac tissue. Note the "infinity elements" along the circumference of
the grid.
FIGURE 2 Calculated intracellular, extracellular, and transmembrane
potentials (a) along the x axis and (b) along the y axis. Vm is given by Eq. 7
and describes a 1-mm thick activation wavefront with a 2-mm radius.
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TABLE II
CALCULATED AND THEORETICAL POTENTIALS:
RECIPROCAL CONDUCTIVITY CASE
Distance Calculated values Theoretical
(y = 0.0) value Difference
r Vm V.
mm mV mV %
0.20 -37.98810 -51.98770 13.99960 14.00000 0.0028
1.00 -37.69280 -51.69010 13.99730 13.99788 0.0041
1.60 -38.40240 -51.01940 12.61700 12.63497 0.1422
1.90 -59.67580 -47.34330 -12.33200 -12.36463 0.2592
1.95 -69.91620 -45.57390 -24.34230 -24.29151 -0.2090
2.00 -81.37960 -43.46810 -37.91150 -38.00000 0.2328
2.05 -92.89110 -41.10150 -51.78960 -51.70849 -0.1568
2.40 -116.69300 -28.05190 -88.64110 -88.63497 -0.0069
of the extracellular and intracellular isopotential contours
noticeably depart from the uniform double-layer in the
outer region. In the reciprocal case the isopotential con-
tours for both the intracellular (Fig. 3 e) and extracellular
(Fig. 3f) domains are larger in value than in the nominal
case and they also differ markedly from those of the
uniform double layer. The pattern of the isopotentials for
nominal and reciprocal anisotropies suggests a complicated
path for the flow of current, which cannot be determined
from the isopotential contours alone since in the anisotropic
case the direction of the flow of current at a point does not
lie along the normal to the isopotential through the point.
Fig. 4 is a plot of the calculated intracellular and
extracellular current vectors for isotropic, nominal, and
reciprocal anisotropy. Each vector shows the relative mag-
nitude and direction of the depolarizing current at the
centroid of each element of the mesh. In a conventional
uniform double-layer model with isotropic conductivities,
the vectors are radial (Fig. 4, a and b), showing that the
intracellular current moves toward the outside of the
depolarizing wavefront. However, in the anisotropic bido-
main model the current has a component tangential to the
wavefront along the entire front. In the nominal case, the
flow of current has a preferential path in the x-direction,
for both the intracellular and the extracellular spaces as
shown in Fig. 4, c and d. For the reciprocal case the flow of
current takes a preferential y-direction in the extracellular
space, whereas it takes a preferential x-direction in the
intracellular space, as can be seen in Fig. 4, e and f. The
current distributions in Fig. 4, c-f are noticeably different
from the more commonly seen current distributions
described by Laplacian potentials in isotropic, monodo-
main conductors. This difference is the result of the ability
of current to vanish locally from one domain and reappear
at the same location of the other domain.
The solenoidal nature of the total current is required by
the statement of current continuity in Eq. 1 and can be
demonstrated, for the nominal and reciprocal cases, by
drawing the current lines of the total current density
vector. It is known that the current lines of a current
density vector J(x, y) are the solution of the differential
equation
dy/dx = Jy/Jxi (8)
where J. and Jy are the components of the current density
vector in the x and y directions, respectively. Eq. 8 was
solved numerically for the nominal and reciprocal cases
using a recently developed technique (Sepulveda, N. G.,
and J. P. Wikswo, Jr., manuscript submitted for publica-
tion). It can be seen from Fig. 5 that closed loops of current
exist, which confirms the solenoidal property of the total
current. As expected, the current loops for reciprocal
anisotropy, in Fig. 5 b, have reflection symmetry about a
line at an angle of 450 from the x and y axes. This figure
also demonstrates the extent of current spread outside of
the wavefront. It should be noted that the current lines
within the wavefront are aligned with it, and they do not
have the "staircase" configuration in the vicinity of the
source region that resulted from the calculation technique
of Plonsey and Barr (19). Otherwise, our calculation
confirms the Plonsey-Barr results.
MAGNETIC FIELDS
The closed-loop current pattern shown in Fig. 5 suggests
that one of the best methods to detect this type of electrical
behavior may be to measure the magnetic field produced
by the currents. The intracellular and extracellular cur-
rents were determined from the gradients of the potentials,
and the net current J was calculated as
J = Je + Ji. (9)
The law of Biot and Savart,
B (r) = o/47r, J (r') x (r - r')/Ir - r'l3 d3r', (10)
was used to calculate the magnetic field component normal
to the plane at distances of 1, 2, 4, 8, and 16 mm from the
bisyncytial tissue. The calculation of the normal compo-
nent is based upon the fact that SQUID magnetometers
that measure the normal component of the magnetic field
are easier to build than are ones that measure the tangen-
tial component. It should be pointed out that in the
evaluation of the magnetic field it is necessary to consider
the currents flowing in all the four quadrants. The mag-
netic field has a direction so that it points out of the page in
quadrants I and III, with an opposite direction in quad-
rants II and IV. Due to the symmetry reasons the normal
component of the magnetic field was calculated only for
quadrant I. There is no magnetic field in the isotropic case,
since the intracellular and extracellular currents are every-
where equal in strength and opposite in direction. The
calculated iso-field contours for the magnetic fields pro-
duced by tissue with nominal and reciprocal anisotropies
are similar in shape, but differ in magnitude. Fig. 6 shows
the isocontours 1 mm above the tissue for nominal and
reciprocal anisotropy; the peak field is 0. 28 nT for nominal
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FIGURE 3 Intracellular and extracellular isopotential contours in millivolts for a 4-mm diam, 1-mm wide cardiac activation wavefront
(shown by the dotted circles) in bisyncytial tissue with isotropic conductivities (a and b), nominal anisotropy (c and d), and reciprocal
anisotropy (e andf ).
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FIGURE 4 The calculated (a) intracellular and (b) extracellular current distributions for isotropic conductivities, (c and d) for nominal
anisotropy, and (e and f ) for reciprocal anisotropy. Current density vector magnitudes are represented by arrows whose lengths have been
scaled logarithmically.
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FIGURE 5 Current lines for the total (or net) current with (a) nominal anisotropy and (b) reciprocal anisotropy. The starting points of the
current lines were calculated by assigning 10 ,tA/line. The cross mark is the reference point for calculation of the starting points for each
line.
anisotropy and 1.07 nT for reciprocal. In both cases the
peak is located at the leading edge of the wavefront, shown
by the inner cross mark, and we see that the clover-leaf
current pattern predicted by Plonsey and Barr is mani-
fested as a distinctive magnetic field pattern consistent
with a planar magnetic octapole. The strength of the
octapole is determined by the anisotropies of the intracellu-
lar and extracellular spaces, so that magnetic measure-
ments may provide a unique way not only to detect the
currents but also to determine quantitatively the cellular
anisotropy.
Fig. 7 shows a logarithmic plot of the variation of the
peak of the magnetic field as a function of the distance
from the center of the bidomain for nominal and reciprocal
anisotropies. It can be seen that in both cases the magni-
tude of the magnetic field varies inversely with approxi-
mately the fourth power of the distance as expected for an
Y (mm) y
4- 0.02/~- a
/ 0.04 _ s
octapole distribution and that the absolute magnitude of
the field is determined by the relative anisotropies of the
intracellular and extracellular spaces.
DETERMINATION OF CONDUCTIVITIES
FROM ELECTRIC AND MAGNETIC
MEASUREMENTS
The results obtained for nominal and reciprocal anisotro-
pies have shown that in the two-dimensional bidomain
model of cardiac tissue a simple depolarization wavefront
produces potential and current distributions that depart
markedly from those of the uniform double-layer model of
cardiac activation. We also calculated the intracellular and
extracellular potentials using the equal anisotropy ratio
conductivities: aio = 3.43 x 10-4, aiy = 5.96 x 10-5, aeo =
6.25 x 10-4, and aey = 1.09 x 10-4 (S/mm) (29). The
4 1 2 3 4
X (mm) X (mm)
FIGURE 6 The isofield contours in nT for the normal component of the magnetic field 1 mm above a circular depolarization wavefront in a
cardiac bisyncytium (a) nominal anisotropy, (b) reciprocal anisotropy.
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FIGURE 7 Variation of the peak magnitude of the magnetic field as a
function of the distance from the center of the bidomain: (a) nominal
anisotropy, (b) reciprocal anisotropy.
resulting patterns of the intracellular and extracellular
isopotential contours (not shown) also depart markedly
from those of the uniform double-layer model. As
expected no closed-current loops were detected for this
particular situation and the resulting magnetic field was
zero. Thus, regardless of the anisotropy ratios, we found
patterns of complex potential distribution and in certain
cases strong magnetic fields. Since both the transmem-
brane potential V/m and the boundary conditions are the
same in the isotropic, nominal, reciprocal, and equal
anisotropy ratio cases, it is evident that the potential and
current distributions are strongly dependent on the conduc-
tivity values chosen in the solution of Eqs. 5 and 6. One of
the most important aspects of our bidomain model is that
under a given set of conditions, those potential and current
distributions can be predicted with ease. This suggests that
a complete characterization of potentials and magnetic
fields over a range of normal conductivities will allow the
bidomain model to be useful in interpreting and explaining
some features of normal and abnormal cardiac conduc-
tion.
The determination of cardiac conductivities from a
knowledge of measured potentials and currents and the
adoption of a model to describe cardiac tissue can be
considered as an inverse problem. Recently, Plonsey and
Barr (29) provided a review of the models that have been
used in the determination of cardiac conductivities from
measured potentials and injected currents. They have
shown that the same measurements can lead to different
calculated results depending upon the model used to
describe cardiac tissue. On the basis of such analysis and
comparisons, the conductivity values obtained using mono-
domain models can be rejected since they do not describe
correctly cardiac tissue behavior. Cardiac conductivity
values obtained using an isotropic bidomain can also be
discarded, since, as indicated before, this model fails to
predict correctly the potential fields generated by a wave-
front spreading in cardiac tissue. On the other hand, the
use of a bidomain model with equal anisotropy ratios
(arx/rai. = aeT/ri) allows the determination of analytical
relationships between the measurements (using the four-
electrode technique) and the cardiac conductivities (29).
However, the assumption of equal anisotropy ratios may
not be valid and the results obtained, even though better
estimates of the macroscopic conductivities of the actual
structure, are still in doubt. We will now show how our
model might be coupled with extracellular electric and
magnetic measurements of propagating activation wave-
fronts to provide a more accurate determination of the
intracellular and extracellular anisotropic conductivities.
From the perspective of the inverse problem, it is
important to note that the same potential distribution can
be obtained by adjusting the cardiac conductivities such
that both sides of Eqs. 5 and 6 are multiplied by the same
constant C. In these cases the magnetic field, if different
from zero (i.e., unequal anisotopy ratios) changes by the
constant C. On the other hand, it is possible to obtain the
same current distribution by adjusting conductivities such
that the magnetic field remains the same (Uex = °ey - 1.0
S/mm and uiy = aix - 1.0 S/mm are expressions that can
be used to determine values of conductivities that give the
same magnetic field). In these cases the potential distribu-
tion changes. Thus, an inverse calculation of conductivities
using electric potentials alone would be indeterminant to
within the constant C multiplying all conductivities, while
an inverse calculation using magnetic fields alone would
be indeterminant with regard to certain combinations of
the conductivities. For this reason, it appears that it would
be difficult to infer the true anisotropy of cardiac tissue at
the activation wavefront by using either electric or mag-
netic measurements alone. However, a combined electric
and magnetic analysis should allow unique determination
of all four conductivities. This determination would not
require injection of current into the tissue, but would
measure the impedances seen by the actual cardiac activa-
tion wavefront.
The magnetic field may prove useful in assessing the
validity of the equal anisotropy models. Closed-loop cur-
rent patterns arise in a bidomain model only when the
anisotropy ratios are different. These closed-loop currents
manifest themselves by their magnetic field. Thus, it
should be possible to design experiments to look for those
currents using a magnetometer. If magnetic fields asso-
ciated with those currents are detected one can conclude
that the tissue has unequal anisotropies, and models with
equal anisotropy ratios will produce erroneous results. If no
magnetic fields are found to be associated with the
currents, the assumption of equal anisotropy ratios will be
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confirmed and experimental determination of conductivity
would be vastly simplified. Until a characterization of the
true macroscopic anisotropy of cardiac tissue can be made,
any conclusions about average cardiac conductivities
should be viewed with caution.
As a first step toward the goal of combined electrical
and magnetic characterization of cardiac tissue, we con-
sider the way in which the potential distribution and the
magnetic field vary as a function of cardiac conductivity
values. We consider, for the remainder of our discussion,
that cardiac tissue is described by a totally anisotropic
bidomain model and we assume that the nominal conduc-
tivity values represent "normal" cardiac tissue. We per-
formed calculations in which three conductivity values
were maintained at the nominal value, whereas the fourth
value was varied to half and twice the nominal value. Table
III shows the calculated upper and lower limits for the
extracellular and intracellular potential distributions. Even
though quantitatively there were differences in the poten-
tial distributions, the patterns of those distributions, as
determined from the isopotential contours (not shown),
remain similar to those of the nominal case. A twofold
increase in uio produces a marked increase in the range of
extracellular potentials, in which the intracellular medium
becomes much more negative. Very similar results are
obtained by decreasing aex by half the nominal value.
Reduction in uir by half is manifested by a decrease in the
range of the extracellular potentials. Furthermore, the
TABLE III
EXTREME POTENTIAL VALUES AND PEAK
MAGNETIC FIELD
Conductivity Extreme potential values Peak
magnetic(N 4:) Extracellular Intracellular field
mV nT
aoix
2 x N -28.81 4.29 -96.34 -14.28 0.6655
I x N -17.88 2.10 -92.60 - 3.69 0.2793
0.5 x N - 10.98 0.38 -90.38 -3.04 0.0496
Oiy
2 x N -19.86 0.62 -90.68 -5.81 0.0900
1 x N -17.88 2.10 -92.60 -3.69 0.2793
0.5 x N -16.83 2.91 -93.76 -2.54 0.3791
o.ex
2 x N -11.17 0.26 -90.29 2.86 0.5053
I x N -17.88 2.10 -92.60 -3.69 0.2793
0.5 x N - 26.28 5.94 -97.27 -11.94 0.0638
acy
2 x N -15.19 3.94 -94.31 -1.01 0.0578
1 x N -17.88 2.10 -92.60 -3.69 0.2793
0.5 x N -20.18 0.42 -90.52 -6.10 0.5721
*The spatial position of the extreme potential values and the peak
magnetic field do not necessarily coincide with the spatial position for the
nominal case.
tN, nominal value (see Table I).
intracellular medium becomes slighly less negative. A
twofold increase in a,,, produces changes in the extracellu-
lar potentials similar to those obtained by halving aj,.
However, the variation in the intracellular potentials
toward less negative values is more pronounced than that
obtained at half aj. A twofold increase in oiy is manifested
by a decrease in the range of the intracellular potentials
and the extracellular potentials become more negative.
Very similar results are obtained by decreasing aey by half.
Reduction in aiy by half is accompanied by an increase in
the range of intracellular potentials, while the extracellular
medium becomes less negative. Similar results are
obtained by a twofold increase in ao,. Thus, we conclude
that changes in the cardiac conductivity values will have
marked effects in the intracellular and extracellular poten-
tial distributions. Abnormal extracellular potentials that
have been observed during certain pathological states (30)
can be explained, in principle, by changes in cardiac
conductivity values, and our numerical results may help in
the understanding and interpretation of such observations.
However a correlation between those pathological cardiac
conditions and the corresponding changes in intracellular
and extracellular cardiac conductivities remains to be
determined and deserves further study.
As evidence of the sensitivity of the magnetic fields to
the conductivities, Fig. 8 shows the strength of the normal
component of the magnetic field as a function of conductiv-
ities. These curves have been obtained by calculating the
magnetic field at the same spatial location (which corre-
sponds to the location 1 mm above the bidomain at which
the peak value for the nominal case was calculated). Very
similar results were obtained at other locations. It should
be noted that comparable changes in the magnetic field are
produced by changes in uix and a,y, as well as byoiy ando(Te
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FIGURE 8 Variation of the magnetic field at a point as a function of
conductivity values.
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It should also be noted that as the anisotropy ratios tend
toward being equal, the magnetic field approaches to zero.
In a real experiment the intracellular and extracellular
potentials can be measured using an array of electrodes
mounted in fixed positions, while the magnetic field can be
measured with a SQUID magnetometer positioned
directly above the tissue. These measurements are prone to
many different errors or uncertainties. In a well controlled
experiment many of the factors contributing to erroneous
measurements, such as calibration errors, errors due to the
presence and finite dimensions of the electrodes and coils,
errors due to movement of the sensors from their fixed
positions, etc., can be removed or at least accounted for.
The remaining error present in the comparison of measure-
ments with a model can be considered as random and must
be ascribed to the uncertainty, or variation, of the variables
being determined, in our case the four conductivities. It is
well known that such errors can be described and analyzed
by a proper application of statistical methods. To minimize
the uncertainty in the calculated conductivity values, we
must first ask what measurements present the greatest
sensitivity to conductivity changes in the study of cardiac
tissue and would thereby be best for determination of these
conductivities. Although an exhaustive study has not been
performed, Table IV provides some insights into this
question by tabulating the coefficients of sensitivity for the
intracellular and extracellular potentials and magnetic
fields measurements. We assume that we would solve the
inverse problem by performing a least-square-fit of the
data calculated using our bidomain model to the measured
data, with the model parameters adjusted to provide the
best fit. We define the coefficient of sensitivity for such a
fit as
n |n
C (Xei Xmi)2/(Xei)2' (11)
TABLE IV
SENSITIVITY COEFFICIENTS FOR AN ARRAY
OF NINE SENSORS
Conductivity Sensitivity coefficients
change*
% Intracellular Extracellular Magnetic
o.ix
- 20 4.67 x 10-4 2.20 x 102 9.97 x 10-2
+20 4.08 x 10-4 1.93 x 10-2 9.02 x 10-2
o.iy
-20 2.00 x 10-' 9.44 x 10-4 1.98 x 10-2
+20 1.91x 10-5 9.08 x 10-4 1.93 x 10-2
o.ex
-20 4.76 x 10-4 2.25 x 10-2 7.04 x 10-2
+20 2.72 x 10-4 1.28 x 10-2 4.53 x 10-2
o.cy
-20 5.96 x I0-' 2.82 x 10-3 8.12 x 10-2
+20 4.05 x 10-5 1.90 x 1o-3 6.45 x 10-2
*From the nominal value.
where Xei corresponds to an "exact" measurement at a
point i that represents the data provided by the tissue under
test, Xmj corresponds to model data with the uncertain
values of the conductivities, and n is the number of sampled
points. For the exact measurements we have used the
potentials or magnetic field calculated using the nominal
conductivity values. In a real experiment these data would
be the actually measured potentials and fields produced by
a system with unknown conductivities. Potential and mag-
netic field data with "uncertainties" were calculated by
setting three conductivities equal to the nominal values and
by varying the remaining one by ±20% about its nominal
value. The sensitivity coefficients for the intracellular and
extracellular potentials were calculated using the potential
values at nine points that correspond to a hypothetical
array of electrodes placed on the cardiac tissue as shown in
Fig. 9. The magnetic sensitivity coefficient was obtained
using the values of the normal component of the magnetic
field calculated at the same (x, y) coordinates of the nine
points but 1 mm above the bidomain. The results tabulated
in Table IV show that in each case the magnetic sensitivity
coefficient has the highest value and that the intracellular
potential sensitivity coefficient has the lowest value. Simi-
lar results were obtained using more data points. These
results indicate that the intracellular potentials are quite
insensitive to conductivity changes. These results also
agree with the emphasis given by Spach et al. (5) to
extracellular measurements, rather than intracellular
recording, for the purpose of studying propagation in
anisotropic cardiac muscle. The results also demonstrate
that magnetic measurements are much more sensitive to
changes in conductivity values, and would thereby produce
fits of model to experiment with the least uncertainty in
conductivity. This in turn suggests that magnetic recording
may provide a better technique for the study of anisotropy
in cardiac muscle.
We also examined the fit of a combination of extracellu-
lar potentials and magnetic fields. While slight increases in
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FIGURE 9 Sensor positions for determination of sensitivity coefficients.
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sensitivity were seen for the combined data, the results
were dominated by the magnetic measurements. This
occurred because the magnetic analysis had a substantially
higher sensitivity than the electrical analysis, and we
weighted electric and magnetic data equally. In practice
differences in signal-to-noise ratio would be taken into
account and if electric data had a higher signal-to-noise
ratio than the magnetic its contribution would be
increased. Since our simulated search for the best fit
involves the variation of only a single conductivity at the
time, we did not observe the indeterminancy in the electric-
alone or magnetic-alone inverse calculation, nor did we see
the removal of the indeterminancy with the combined
analysis. This effect would of course be significant in a
minimization search that allowed all four conductivities to
vary simultaneously.
SUMMARY
The results obtained using the finite element method
confirm the prediction by Plonsey and Barr that in two-
dimensional anisotropic tissue simple depolarization wave-
fronts produce complex current distributions. The ease,
detail, and accuracy with which we can calculate the
potentials, currents, and magnetic fields demonstrate the
capabilities of the finite element technique for the calcu-
lation of bioelectric currents in two-dimensional bisyncy-
tia. Even more complex distributions would be expected in
three dimensions, and the finite element technique should
be equally applicable.
These complex, closed-loop current distributions may be
important for arrhythmia reentry and fibrillation, but it
will be difficult to detect with electrical measurements
because the insertion of electrodes will disrupt the tissue
and the deviation in the external potentials are not large.
Our calculation shows that the current distributions pro-
duce a characteristic magnetic field pattern whenever the
two domains have differing anisotropy ratios, and that this
field could be readily detected with a high resolution
SQUID magnetometer. The unique magnetic signature of
these closed-loop current patterns provide a potentially
powerful tool for studying cardiac activation.
The bidomain model of cardiac tissue provides a tool
that can be explored and used to study and explain features
of cardiac conduction. However, it should be remembered
that "a model is valid when it measures what it is intended
to measure" (31). Thus, experimental data must be used to
evaluate the validity of the bidomain model. This evalua-
tion must involve comparison of the model's predictions not
only with measured intracellular and extracellular poten-
tials but also with the measured magnetic fields. When the
applicability of the bidomain model to a particular cardiac
preparation and the validity and reliability of our calcula-
tions have been determined experimentally, this mathe-
matical approach should then provide a new technique for
analyzing normal and pathological cardiac activation.
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